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. „. Abstract 
OX). 

It is well known that so called Breuer-Hall positive maps used in entanglement theory are 
optimal. We show that these maps possess much more subtle property — they are exposed. 
As a byproduct it proves that a Robertson map in M^C) is not only extreme, which was 
already shown by Robertson, but also exposed. 



^ ' 1 Exposed maps: preliminaries 
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Linear positive maps pQ-[6] play important role in entanglement theory [7j: a state of a composed 
quantum system living in % <g> /C is separable iff (id% <g> 4>)p > for each positive map 4> '■ B(JC) — > 
B(T~L) (in this paper we consider only finite dimensional Hilbert spaces). Moreover, positive maps 
provide generalization of *-homomorphism, Jordan homomorphism and conditional expectation. 
Normalized positive maps define an affine mapping between sets of states of C*-algebras. 
■ It is well known that a space of positive maps cp : B{%) — > B(K) is isomorphic to a space 

of block-positive operators in B{H) (g>B(K.), that is, <j) is positive if and only if 

(N ■ ^ 

(N ; W 4> = Z^ e « ^( e « ) ' 0-) 

od ■ *j 
O " 

y—{ | is block-positive, where {ej} stands for the orthonormal basis in T~L. Recall, that A is block- 
positive iff (x y\A\x y) > for all separable vectors x®y E H®)C. The inverse map is 
. given by 4>(X) = Tv-^iW^X 1 <S> Ik.) f° r X E B(T~L). Block-positive but not positive operators 
are called entanglement witnesses in entanglement theory [7j. A density operator p in % <8> /C is 
entangled iff there exists an entanglement witness W such that Tr(pW) < 0. For some recent 
papers discussing positive maps and entanglement witnesses see e.g. [Sj [H [10J [TTJ [T2| [T3]. 

Let V denotes a convex cone of positive maps (p : B{%) — > B(K) or equivalently a convex 
cone of block-positive operators in % ® K (using ([1]) we will identify these two cones) . Let V° 
denote a dual cone [TH [15] 

V° = { p G (B(n) B(K)) + ; Tr(Wp) > , W G V } (2) 

of separable operators (unnormalized states) in ~H ® 1C. Equivalently, one has 

V° = conv{ P x ® P y ; (y\<f>(P x )\y) > , 4> G V } , (3) 
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where P x = \x){x\ and P y = \y){y\. It is clear that V°° = V, that is, one may consider V as a 
dual cone to the convex cone of separable operators in %® K,. Note, that 

{y\<t>(P x )\y) = {x®y\W^\x®y) . (4) 

Recall that a face of V is a convex subset F C V such that if the convex combination (ft = 
X(fti + (1 — X)4>2 of <fti, (f>2 £ V belongs to F, then both <pi, (p2 € F. Let [0] denotes a ray in "P 
generated by a positive map (p, i.e. [0] = {A ; A > 0}. One says that [<p] is an extreme ray in 
V if and only if (ft = A0i + (1 — \)(p2, with A G (0, 1) and (pi, (p2 £ T 7 , implies 0i, 02 6 [0]- Hence, 
an extreme ray is 1-dimensional face of V . 

Definition 1.1. A face F is exposed if there exists a supporting hyperplane H for a convex 
cone V such that F = H DV. 

The property of 'being an exposed face' may be reformulated as follows 

Proposition 1.1. A face F of V is exposed iff there exists p £ V° such that 

F = { W G V ■ 1t{ P W) = } . (5) 

Equivalently, there exists x®y € %<g>/C such that F = { </> G ? ; (y|0(P z )|y) = }. 

A ray [0] is exposed if it defines 1-dimensional exposed face. Clearly exposed rays are 
extreme. We shall use the following terminology: we shall call <fi an extreme (exposed) positive 
map if the corresponding ray [0] is extreme (exposed). Let us denote by Ext("P) the set of 
extreme points and Exp('P) the set of exposed points of V . Due to Straszewicz theorem |14| 
Exp("P) is a dense subset of Ext("P). Thus every extreme map is the limit of some sequence of 
exposed maps. It shows that each entangled state may be detected by some exposed positive map 
(or exposed entangled witness), i.e. p is entangled iff there exists an exposed entangled witness 
W such that Tr(pW) < 0. Hence, a knowledge of exposed maps (entanglement witnesses) is 
crucial for the full characterization of separable/entangled states of bi-partite quantum systems. 
For recent papers on exposed maps see e.g. [T5j [161 ITT] - 

Now, if F is a face of V then 

F' = { p eV° ; Tr(Wp) = , W € F } , (6) 

defines a face of V° (one calls F' a dual face of F). Actually, F' is an exposed face. Equivalently, 
one has 

F' = conv{ P x ®P y ; {y\(p{P x )\y) = , <E F } . (7) 

One proves [15] 

Theorem 1.1. A face F is exposed iff F" = F. 

Hence, (ft is exposed iff the dual face [(ft]' is unique, that is, if [ip]' = [(ft}' , then [ip] = [(ft], or 
equivalently ip = X(ft (with A > 0). 
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2 Exposed maps: examples 

To illustrates the concept of an exposed positive map let us consider simple examples. 

Example 1 (Transposition). Let H = JC = C n and consider the standard transposition in 
M n (C) defined by t(X) = X\ One has 

[t]' = conv{ P x ® P y ■ {y\x)=0} , (8) 

Now, one looks for the double dual [t]": a map (ft € [t]" iff {y\<j){P x )\y) = for all x, y G C n such 
that (yjx) = 0. Hence, (j)(P x ) = A|x)(x| which shows that </>(X) = AX* and hence (j) 6 [r] which 
proves that r is exposed. 

Example 2. Consider maps 

4> V (X) = VXV* , (9) 

and 

(j) V (X) = VX*V* , (10) 

with arbitrary V : Ti — >■ /C. It is well known [18] that both 0y and ^ are extreme. Moreover, 
if rank of V is one or min{dim%, dim/C}, these maps are exposed. 

Example 3 (Reduction). Let T~L = KL = C n and consider the reduction map in M n (C) defined 
by 

R n (X)=I n TrX -X . (11) 

One has 

[R n ]' = conv{ P x ®P y - {x\x)(y\y) - \{x\y)\ 2 = } , (12) 

and hence y = fix (with fi 6 C). Now, S [i? n ]" if and only if (x|^(Pa;)|x) = 0. Let A be an 
arbitrary antisymmetric matrix in M n (C) and consider the following completely copositive map 

4>{X) = AX^A* . (13) 

One has (x\(j)(P x )\x) = \(x\A\x)\ 2 = \ J2i j Aij~x~iXj\ 2 = 0, due to antisymmetry of A. This shows 
that reduction map is not an exposed map in M n (C). The only exception is n = 2. Now, any 
antisymmtric matrix in M2(C) is proportional to the Pauli matrix A = aa y and hence 

AX 1 A* = \a\ 2 (T y X % (jy = \a\ 2 (I 2 TrX - X) = \a\ 2 R 2 (X) , (14) 

which proves that i?2 is exposed. The fact that R n can not be exposed for n > 2 is clear since 
it is not even extreme. Note, however, that R n is optimal for all n > 2 [9]. 

Example 4 (Generalized Choi maps). Let H = K, = C 3 and consider the following family of 
maps in M^(C) 



ax n + bx 22 + cx 33 -X12 -X13 

(f>[a,b,c](X) = I -x 2 i cx u + ax 22 + bx 33 -x 23 J • (15) 

-X31 -x 32 bxu + CX22 + ax 33 

with Xij being the matrix elements of X E M 3 (C), and a,b,c > 0. It was shown |19j that 
cp[a,b,c] is positive (but not completely positive) if and only if 
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1. < a < 2 , 

2. a + 6 + c > 2 , 

3. if a < 1 , then 6c > (1 - a) 2 . 

Moreover, being positive it is indecomposable if and only if be < (2 — a) 2 /4. Note, that </>[l, 1, 0] 
and ^[1,0,1] reproduce celebrated Choi map and its dual, whereas c/>[0, 1,1] = R3. It was 
already known that (ft[l, 1, 0] and <f>[l, 0, 1] are extreme but not exposed. Recently, it was shown 
|20l [2"Tl [22] that a subfamily corresponding to a = 2 - b — c, a < 1 and 6c = (1 — a) 2 defines 
optimal maps. Moreover, in a recent paper [23] it was proved that maps from this subfamily 
with a € (0, 1) are exposed. It is the first example of a positive indecomposable exposed map in 
M 3 (C). 

3 Breuer-Hall maps 

Following |24[ [25] let us consider % = K. = C 2n together with a positive map 

4>bh{X) = hnTvX -X -UX'U* , (16) 

where U is an arbitrary antisymmetric unitary matrix in M2„(C). It was shown [23] that (f>BH 
is optimal (even nd-optimal [9"1 l2"4"]). 

Theorem 3.1. A map (pBH is exposed. 

Proof: one has 

[<j) BH ]' = conv{ P x ®P y ; (x\x)(y\y) - \(y\x)\ 2 - \(y\Ux}\ 2 = } . (17) 

Let ||x|| = \ \y\\ = 1. Note that projectors and \Ux)(Ux\ are mutually orthogonal. Hence, 

|(y|x)| 2 + |(y|[/x}| 2 = 1 if and only if either y = e ia x or y = e ta Ux (with a£R). It shows that 
the face [4>bh]' = conv{ P x <g) P x , P x (&Pu x }. Let us characterize maps belonging the double 
dual [4>bh]", that is, maps (ft such that [(ft]' = [4>bh\' ■ Since {x\(ft(P x )\x} = any such map has 
the following form 

cft(X)=J2*kA k X t Al, (18) 

k 

where A k are antisymmetric matrices from M2 n (C) and A^ € R. A set of real numbers {A^} 
may be divided into positive {A^t~ } and negative {A^~ } elements, respectively. Hence 

(ft(X) = KAkX'At + KAiX'At = £ B k X*B* h - £ QX'Ct , (19) 
k 1 k 1 

where B k = {\l) l / 2 A k and Cj = (-AT") 1 / 2 ^. Now, using (Ux\(ft(P x )\Ux) = one obtains 

\(x\U*B k \x)\ 2 - Y \(x\U*Q\x}\ 2 = . (20) 
k I 
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Since we are interested in the ray [(f)] we can always rescale A k such that 



Y, \{x\U*B k \x)\ 2 = Y \(x\U*Q\x)\ 2 = 1 . (21) 

k I 

In order to satisfy 

J2\(x\U*D k \x}\ 2 = 1 , (22) 

k 

where D k are antisymmetric matrices {B k or C{) one has two possibilities: 

1) Di ^ and D 2 = D 3 = . . . = 0, or 

2) a set {.Dfc} defines a basis in the space of antisymmetric matrices. 
In the first case one has D\ = U. In the second case one has the following 

Lemma 1. Let a set {D^} define a basis in the space of antisymmetric matrices in M 2n (C), 
that is, Dk = Dij = V(eij — eji)V* (1 < i < j < 2n) with arbitrary unitary matrix V , then 

]T D i:i \x) (x\Dlj = I 2n - \x) {x\ , (23) 

for any \ \x\ \ = 1. 

Hence, the map (f> reads as follows 

<KPx) = (hn - \x)(x\) - U\x)(x\U* , (24) 

or 

(P{P X ) = U\x}(x\U* - {hn ~ \x)(x\) . (25) 
Clearly only (|24p defines a positive map and it reproduces 4>bh which ends the proof. □ 
Remark 1. Note, that 

(f)BH = Rln ~ 4> U i (26) 

where K^n is the reduction map in M2 n (C) and <jr is defined in (jlOp . It shows that subtracting 
from the reduction map an exposed map <jp one ends up with an exposed map 4>bh- It shows 
that the reduction map is a convex combination of two exposed maps i?2n = 4>bh + 4> U an d 
hence cannot be extreme map. Note, however, that Rm belongs to the face of optimal maps. 

Remark 2. Taking n = 2 and U = I2 ®o~ y , one reconstructs well known Robertson map [5] in 
M^{<C). Robertson construction may be nicely described in terms of R2 as follows |10j 



4>Rob{X) 



h TrX 22 


~[X 12 + R 2 (X 21 )] 


-[X 2 i+R 2 (X 12 )] 


h TvX n 



(27) 



where X = Y^l i = \ &m 81X^1, with X k i E M 2 (C). It was already proved by Robertson that 4>R b 
is extreme. Our result shows that it is exposed as well. 
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4 Conlusions 

We have shown that so called Breuer-Hall positive maps [241 [25] are exposed in the convex cone 
of positive maps in M2 n (C) and hence this class defines the most efficient tool for detecting quan- 
tum entanglement (any entangled state may be detected by some exposed map (entanglement 
witness)). As a byproduct we proved that a Robertson map in M/t(C) - which defines a special 
case within Breuer-Hall class - is not only extreme, which was already shown by Robertson, but 
also exposed. Recently |26| we analyzed various multidimensional generalization of Robertson 
map. It would be interesting to study whether or not they define exposed maps. 
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